Abstract A production process whose performance deteriorates over time is studied in this paper. It is assumed that the process performance can be measured in terms of the proportion of good units of end items produced. Using the pontryagin principle, the optimal scheduled production rate and preventive maintenance rate will be derived as a function of both production rate and proportion of good units. The controlled system can be modeled by a system of non-linear differential equations and its solution will be discussed numerically. The sensitivity analysis for varying system parameters will be discussed for different cases of demand rate.
Introduction
Optimal control theory is found to be very useful in solving many problems in different fields, such as management science and in particular, maintenance of a production inventory system; see Sethi and Thompson (2000) . Application of optimal control techniques were used in many problems such as:
The problem of optimal control of a two-items inventory model with different types of deterioration was studied by Alshamrani and El-Gohary (in press ). In such study, the optimal inventory levels and rate of continuous supply are derived. The problem of optimal control of a multi-items inventory model was studied by El-Gohary and El-syed (2008) . The problem of optimal control of a stochastic production planning model with different demand rates was studied by El-Gohary et al. (2007) . The optimal expected inventory level was derived from the condition of the stochastic optimal control principle. The problem for controlling a production inventory model for both ameliorating and deteriorating items was studied by Tadj et al. (2008) . The necessary optimality conditions were derived using the pontryagin maximum principle. The problem of optimal stabilization of steady-states of the genital herpes epidemic for finite and infinite time horizons was studied by El-Gohary and Bukhari (2003a) . The optimal feedback controllers were derived from the condition of asymptotic stabilization of the genial herpes about its steady-states. The problem of optimal control of the Lorenz system for finite and infinite time horizons was studied by El-Gohary and Bukhari (2003b) . The optimal controllers were derived as non-linear function of the state variables. The problem of optimal control of a stochastic preypredator model were discussed by El-Gohary and Bukhari (2003c) . The steady-states of this model was derived. Also, the optimal feedback obtained from the conditions ensure asymptotic stabilization of the system.
Other studies can be found in the problems of inventory systems with divergent multi-echelon, one product recovery system with lead times and the production inventory system (Diks and de Kok, 1998; Kiesmu¨ller, 2003; Porter and Taylor, 1972) .
This paper focus on a production-maintenance system with deteriorating items. The optimal scheduled production rate and proportion of good units are derived. The total cost includes the sum of the holding costs of inventory levels and the scheduled production costs will be minimized. The optimal solution is derived based on the pontryagin minimum principle. The system is modeled by a system of non-linear differential equations and its solution will be discussed numerically and is also used for illustrating the system performance as function of the system parameters.
The rest of the paper is organized as follows: following this introduction, the mathematical formulation of the production and maintenance model with deterioration is introduced in Section 2. Also, the optimal scheduled production rate and proportion of good units for finite planning horizon are derived. In Section 3 we present some illustrative examples for different demand rates and obsolescence rate of process performance in the absence of maintenance. In Section 4 a conclusion is presented.
Mathematical model formulation
Consider a manufacturing system that produces a single item, selling some units and storing the other units. The following variables and parameters are used through this paper to formulate our model: I(t) the inventory level at time t p(t) proportion of good units of end items produced at time t, where 0 6 p(t) 6 1 u(t) scheduled production rate at time t a(t) obsolescence rate of process performance in the absence of maintenance, where a(t) is a non-decreasing function of time m(t) preventive maintenance rate applied at time t to reduce the proportion of defective units S(t) the demand rate at time t h the natural deterioration rate I the inventory goal level p proportion goal level of good units u scheduled production goal rate m preventive maintenance goal rate
In this paper, the following assumtions are adopted:
There is a non-negative initial inventory level I(0) = I 0 > 0, and initial proportion of good units. All demand units should be satisfied such that: I(t) > 0. Negative production rate is not allowed. The preventive maintenance rate is bounded by a lower limit of zero and an upper limit of M, that is (0 6 m(t) 6 M).
All functions are assumed to be non-negative, continuous and differentiable.
The model of differential equations which describes the time evolution of the inventory level I(t) and the proportion of good units p(t) is found to be as follows:
where the ''dot'' means the differentiation with respect to time and the initial state is,
This paper will generalize the above equations which were used by Danny et al. (1993) to contain deterioration rate h for inventory items.
The numerical solution of the production and preventive maintenance system with deterioration is displayed below for specified values of obsolescence rate of process performance in the absence of maintenance and scheduled production rate (Figs. 1 and 2).
Optimal production and preventive maintenance rates
The main objective of this subsection is to arrive at a suitable mathematical formulation of the optimal control problem for the production and preventive maintenance system with deterioration. The optimal control problem consists of two state variables which are the inventory level and proportion of good unit rate and two control variables which are the schedule production rate and the preventive maintenance. The formulation must be simple to deal with any response of the production and preventive maintenance system to any given input. Optimal control is defined by the admissible production and proportion of good units rates which minimize the total cost given by 2J ¼ min 
and IðtÞ P 0; SðtÞ P 0; 0 6 mðtÞ 6 M; 0 6 pðtÞ 6 1; aðtÞ P 0; uðtÞ P 0; ð4Þ
It can be shown that the integrand of the objective function (2) is a positive definite form of the variables I(t), p(t), u(t) and m(t) (Ogata, 2010; Hocking, 1991) .
The economic and physical interpretations of the objective function (2) are that it aims at keeping the inventory level I(t) as close as possible to the goal level I and also keep the proportion of good units p(t) as close as possible to the goal rates p (El-Gohary and Bukhari, 2003a). The objective function (2) represents the total cost incurred in a production and maintenance system with deteriorating items. The quadratic terms in (2) represent the imposed penalties for having either I(t) or p(t) not being close to its corresponding goal level I or p, respectively.
By 
with initial value and boundary condition I 0 (0) = 0, and terminal condition I 0 (T) = Jrespectively. Next, we introduce the co-state variables k 0 , k 1 and k 2 corresponding to the state variables I 0 , I 1 and I 2 , respectively. From Eqs. (2)-(4) we obtain the Hamiltonian function H:
The Lagrange function L is obtained by introducing the Lagrange multipliers associated with the constraints (4):
where the Lagrange multipliers l 1 (t), l 2 (t), l 3 (t), l 4 (t), l 5 (t) and l 6 (t) satisfy the conditions: a b l 1 ðtÞ P 0; l 2 ðtÞ P 0; l 3 ðtÞ P 0; l 4 ðtÞ P 0; l 5 ðtÞ P 0; l 6 ðtÞ P 0; l 1 IðtÞ ¼ 0; l 2 pðtÞ ¼ 0; l 3 uðtÞ ¼ 0; l 4 mðtÞ ¼ 0;
By using (7) and the pontryagin principle, we can easily obtain the co-state equations:
The first equation of the system (9) shows that the co-state variable k 0 (t) is constant and pontryagin's minimum principle requires, without loss of generality, that this constant should be negative (Hocking, 1991) . We choose:
Substituting from Eqs. 3, 5 and 6 in (7) we can write L in the form:
þk 1 ½pðtÞuðtÞ À hIðtÞ À SðtÞ À k 2 ½aðtÞpðtÞ þ mðtÞpðtÞ À mðtÞ
Using the conditions (4) and (8) we get:
Substituting from Eqs. (11) and (12) into (9) we can get the following two state equations: To obtain the optimal scheduled production rate u(t) and preventive maintenance rate m(t) we will differentiate the Lagrange function (11) with respect to u(t) and m(t) and putting:
we get:
; uðtÞ 2 X 1 ðtÞ; t 2 ½0; T;
; mðtÞ 2 X 2 ðtÞ; t 2 ½0; T;
where
, and u max (t) is the maximum possible scheduled production rate. The sets of all possible values of the scheduled production and preventive maintenance rates can be determined by physical or economical constraints imposed on the values of control variables at time t. Using (15) with the terminal conditions k i (T) = 0 (i = 1,2) we can get
The non-negativity conditions u(t) > 0 and m(t) > 0 follow if
, and m P À k 2 ðtÞð1ÀpðtÞÞ c 2 . The optimal scheduled production rate and optimal preventive maintenance rate follow from (4) and (15) 
Finally, we can put the optimal scheduled production rate (17) in the form
and
We assume that the scheduled production goal rate is greater than the initial inventory level. Therefore, the scheduled production goal rate must be large enough and the initial inventory level is small enough such that the scheduled general production rate is non-negative. We can confirm these conditions in the numerical solution. If we choose values for the scheduled production goal rate less than the initial inventory level then the scheduled production rate become in general non-negative. Using Eqs. (3), (15) and (17) we can get the following system of non-linear ordinary differential equations:
The above system is used to study the time evolution of inventory level and proportion of defective units. It appears from (20) that the analytical solution of the system is difficult to derive and therefore we solve it numerically.
Numerical solution and sensitivity analysis
The main objective of this section is to study the numerical solution of the problem to determine an optimal control strategy for a production and maintenance model with deterioration. The numerical solution algorithm is based on numerical integration of the system using the Runge-Kutta method. This section displays graphically the numerical integration of the system of differential equations for different values of the parameters. The numerical solution of the system (20) is discussed for different cases of the system parameters and initial states.
Constant demand and obsolescence rates
We are looking at the numerical solution of the production and maintenance model with both constant demand rate S(t) and constant obsolescence rates of process performance in the absence of maintenance a(t) We conclude that both the inventory level and the proportion of good units approximately tend to their goal level and rate, respectively.
Time dependent demand and obsolescence rates
The numerical solution of the production and maintenance model with constant demand rate S(t) and obsolescence rate of process performance in the absence of maintenance a(t) is studied here. The numerical solution for the production and maintenance model with deterioration is presented. Different sets of values of the monetary and non-monetary parameters are considered. The solution of the non-linear system of nonlinear differential Eq. (20) is obtained numerically and its the time evolution is discussed.
The following set of parameter values is assumed: The initial inventory level, inventory goal level, proportion of good items, and demand rates are: I(0) = 15,a = 1 + sin(t), p(0) = 0.05, S = 1 + sin(t), respectively, and time horizon interval is T = 5.
The numerical results are illustrated in Fig. 4a-d . We conclude that both the inventory level and proportion of good units tend to its goal level and its rate, respectively.
Conclusion
The problem of optimal control of a production and maintenance system with deteriorating items was studied. The optimal inventory level and proportion of good units are derived. Also, optimal scheduled production and maintenance rates are derived from the optimality conditions as function of co-state variables and proportion of good units. Further, the optimal solution of the control system is presented numerically for different cases of both demand and obsolescence rates. The sensitivity analysis of the system against monetary and non-monetary parameters is discussed. 
